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Abstract. We define a symmetric monoidal category Trop2Cob which, roughly, has degrees of
tropical curves as its objects and types of tropical curves as its morphisms. A symmetric monoidal
functor with domain Trop2Cob is what we call a (2D) tropical quantum field theory (TrQFT).
We generalize the correspondence of 2D TQFT’s with commutative Frobenius algebras to TrQFTs
and construct a particular TrQFT which computes multiplicities of tropical curves (and thus log
Gromov-Witten invariants) from local computations akin to Mikhalkin’s formula in two dimensions.
For genus zero curves, this yields a splitting theorem as well as a practical expression of multiplicities
in terms of iterated Schouten-Nijenhuis brackets (and products and higher brackets) of polyvector
fields on the dual/mirror algebraic torus.
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1. Introduction
In any theorem relating counts of tropical curves to counts of algebraic curves, the tropical curves
must be counted with certain typically non-trivial multiplicities. In sufficiently simple situations, the
multiplicities have an easily understood local description. For example, the multiplicity of a planar
tropical curve as in [Mik05] is given as a product of the multiplicities of its vertices. In the presence
of psi-class conditions, however, and also generally in higher dimensions, no such local description
exists, and the multiplicities are instead given as the index of a complicated map of lattices (i.e., the
absolute value of the determinant of a large matrix), cf. [NS06, Prop. 5.7]. For many applications
though, e.g., for the Gross-Siebert program, such global descriptions of multiplicities are impractical
to work with. In the present paper, we give several new formulas for tropical multiplicities in terms
of local computations.
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2 TRAVIS MANDEL AND HELGE RUDDAT
Our multiplicity formulas apply for arbitrary dimensions, arbitrary generic incidence and ψ-class
conditions, and in some cases, arbitrary genus (assuming non-superabundancy). A tropical correspon-
dence theorem in this generality was developed by the authors in [MR], using multiplicities defined in
terms of the index of a map of lattices, cf. Lemma/Definition 2.5. In Proposition 2.7, we recover from
this a tropical intersection-theoretic description of the multiplicities as used in the correspondence
results of [Ran17, Gro18]. We then prove the following new descriptions of the tropical multiplicities:
(1) Theorem 3.8, which applies in arbitrary genus and gives the tropical multiplicity in terms of
a tropical quantum field theory (TrQFT), as defined and developed in §3.
(2) Corollary 4.5, which expresses the multiplicities of genus 0 tropical curves as a product of
vertex multiplicities divided by a product of edge multiplicities. This follows from a new
splitting formula for genus 0 tropical multiplicities, Theorem 4.4.
(3) Theorem 5.1, which expresses the multiplicity of a genus 0 tropical curve, equipped with a
choice of flow, in terms of iterated brackets of polyvector fields. The 2-bracket l2 here agrees
with the Schouten-Nijenhuis bracket, while the higher brackets lk (which can appear when
ψ-classes are present) extend this to an L∞ algebra on the kernel of a certain BV-operator on
polyvector fields. This interpretation is particularly useful in the Gross-Siebert program.
We now explain these results in more detail.
Notation 1.1. Throughout the introduction, N denotes a rank r lattice, r ≥ 0, and we are interested
in tropical curves h : Γ→ NR := N⊗R, denoted Γ for short. Let M := Hom(N,Z). The non-compact
edges of Γ are labelled by a finite index set I, and the tropical degree ∆ : I → N specifies the weighted
directions of these edges. (An edge Ei gets contracted under h if and only if ∆(i) = 0.) We say Γ
satisfies the constraints A = (Ai)i∈I if for each i ∈ I, the corresponding edge Ei maps into a specified
rational-slope affine-linear subspace Ai of NR. We will also impose conditions Ψ on the valences of
vertices. We say Γ satisfying Ψ and generic A is rigid roughly if no deformations of Γ satisfy A and
Ψ. For codim(Ai) = di, let αi denote a primitive element of Λ
diM which vanishes along the linear
subspace of NR parallel to Ai.
1.1. Multiplicities via an L∞-algebra of polyvector fields. We begin with item (3) from our
above list, i.e., Theorem 5.1, as it is the easiest version to explain and seems to be the most useful
version for practical purposes. See §5.2 for more details.
Let A := Z[N ]⊗Z Λ∗M , i.e., A is the algebra of polyvector fields on the algebraic torus Gm(M) =
SpecZ[N ]. For n ∈ N and α ∈ Λ∗M , let ιnα denote the contraction of α by n. Define a Z-linear map
`1 : A→ A by `1(znα) = znιn(α), and define `k : A⊗k → A by
`k(z
n1α1, . . . , z
nkαk) := z
n1+...+nk ιn1+...+nk(α1 ∧ · · · ∧ αk).
The following is a restatement of Theorem 5.1:
Theorem 1.2. Let h : Γ→ NR be a rigid genus 0 tropical curve of a given degree ∆ : I → N satisfying
Ψ and A. Equip Γ with a flow towards a specified sink vertex V∞. Using this flow, we inductively
associate an element (well-defined up to sign) ζE := z
nEαE ∈ A to each edge E of Γ as follows:
• For each i ∈ I, take ζEi := z∆(i)αAi .
• Let E1, . . . , Ek be some enumeration of the edges flowing into a vertex V 6= V∞, and let Eout
be the edge flowing out of V . We take ζEout := `k(ζE1 , . . . , ζEs).
Then ζΓ :=
∏
E3V∞ ζE is contained in z
0 ⊗ ΛtopM and Mult(Γ) equals the index of ζΓ in ΛtopM .
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The fact that ζΓ lives in the subspace z
0 ⊗ ΛtopM of A follows from rigidity and balancing. One
shows that the definition implies that nE ∈ N is always the weighted tangent direction to E in the
direction opposite the flow.
In §5.3, we define maps lk : A⊗k → A which agree up to sign with `k on the homogeneous elements
of A. These maps lk can be used in place of `k in Theorem 1.2. Furthermore, we find that the maps lk
satisfy several remarkable properties, particularly when restricted to the subspace A0 := ker(l1) ⊂ A,
which notably contains all the ζE from Theorem 1.2. For example, l2|A0 agrees with the restriction to
A0 of the standard Schouten-Nijenhuis bracket on polyvector fields (Proposition 5.2). Furthermore,
we find that the brackets lk make A0 into a strict L∞-algebra (Theorem 5.5). We also find that
A together with negative the Schouten-Nijenhuis bracket becomes a BV-algebra with l1 as the BV-
operator (Proposition 5.3).
1.2. Tropical quantum field theory. In §3.1, we define a small symmetric monoidal category
Trop2Cob of tropical cobordisms. The objects are maps of sets ∆ : I → N := N/{± id} for I a finite
index set. One may think of these as degrees of tropical curves (up to a Z/2Z-action). The set of
morphisms is roughly speaking the set of types of tropical curves in which the balancing condition
is dropped, cf. Definition 3.1 for details. We then define a (two-dimensional) tropical quantum field
theory to be a symmetric monoidal functor whose domain is Trop2Cob.
A well-known theorem of [Abr96] states that the data of a two-dimensional topological QFT is
equivalent to the data of a commutative Frobenius algebra. Theorem 3.5 gives the analogous algebraic
characterization of our 2D TrQFT’s. Using this characterization, we define a particular TrQFT in
§3.3 which we denote FMult.
Given n ∈ N , let n denote the projection to N , and let [n] denote the corresponding object of
Trop2Cob. Viewing n⊥ as a sublattice of M , we take
FMult([n]) = Cn := Λ∗(n⊥ ⊕ n⊥).
The motivation for the “doubling” is that it makes Cn into a super commutative Frobenius algebra,
with trace being given by projection onto the top degree part, i.e., degree 2r for n = 0 and degree
2r−2 otherwise — if the top degree part were odd, this projection would not respect the Z/2Z-grading
and so the trace would not be a morphism in the category of super Z-modules. For α a generator
of Λtop(n⊥) and α2 = ±(α, 0) ∧ (0, α) the “squared” element defined in (11), the top degree part
Λtop(n⊥) is canonically identified with Z using α2 7→ 1.
Recall that each Ai from the constraints A determines (up to sign) an element αi ∈ Λ∗M , which
in fact is contained in Λ∗(∆(i)⊥), so α2i ∈ C∆(i).
Theorem 1.3 (Theorem 3.8). Let Γ be a non-superabundant genus g tropical curve of degree ∆ : I →
N which is rigid for the constraints A and Ψ. Let us view Γ as a morphism ∆→ ∅ in Trop2Cob, so
FMult(Γ) is a linear map
⊗
i∈I C∆(i) → Z. Let γ :=
⊗
i∈I α
2
i ∈
⊗
i∈I C∆(i). Then
Mult(Γ) =
√
FMult(Γ)(γ).
Given a tropical curve Γ viewed as a morphism in Trop2Cob, a rough sketch of how FMult(Γ) is
defined goes like this: we pick as auxiliary a choice of “tropical flow,” i.e., an acyclic quiver structure
on a certain refinement of Γ (the choice of flow will not affect the result). Then, at vertices we associate
operators using the Frobenius algebra structure on C0, and when traversing an edge in direction n we
use the contraction ι(n,0)∧(0,n) as a map C0  Cn as well as the inclusion Cn ↪→ C0. See §3.2-3.3 for
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details, and see §3.6 for an example of computing the multiplicity of a genus 1 curve using Theorem
1.3.
1.3. A splitting formula in genus 0. One might naturally hope that the TrQFT construction
above could be used to split the compact edges of tropical curves into pairs of non-compact edges.
Unfortunately, denoting the coproduct on Cn by ∨, it turns out that ∨(1) ∈ Cn ⊗Cn can typically not
be written in the form
∑
i x
2
i ⊗ y2i (using the squaring map 2 of (11)). In other words, when an edge
is split, the elements of Cn associated to the two new non-compact edges cannot be viewed as coming
from tropical constraints. In fact, this is to be expected, as it is known that the tropical diagonal
class does not have a Ku¨nneth decomposition, cf. [Rau16, §4.3].
Fortunately, in genus 0 it turns out that these problematic terms in ∨(1) do not contribute to the
multiplicities. Theorem 4.1 shows that Theorem 3.8 still holds in genus 0 if we replace FMult by a
simpler TrQFT F2Mult for which everything can be viewed as corresponding to tropical constraints.
The resulting splitting formula is Theorem 4.4.
By using this splitting formula to repeatedly split edges until no compact edges remain, we obtain
the following multiplicity formula for Γ of genus 0:
Theorem 1.4 (Corollary 4.5).
Mult(Γ) =
 ∏
V ∈Γ[0]
Mult(V )
 ∏
E∈Γ[1]c
w(E)
Mult(E)
 .
Here, the first product is over all vertices V of Γ, while the second is over all compact edges E. The
numerator w(E) denotes the weight of the edge E. The vertex and edge multiplicities are defined as
follows: given an edge E, let Γ1 and Γ2 denote the two tropical curves obtained from Γ by splitting
the edge E and then extending the new half-edges to infinity to produce unbounded edges Ei ⊂ Γi.
Consider the tropical curves of type Γi satisfying the appropriate subset of the conditions from A
and Ψ. This forms a family in which Ei sweeps out a polyhedron whose linear span gives a subspace
WEi,R ⊂ NR. Let WEi = WEi,R ∩ N . For V ∈ E, let W∂V E,E denote the WEi associated to the Γi
which does not contain V . For non-compact edges Ei, W∂V Ei,Ei := Ai ∩N . We then define
Mult(E) := index
(
N/ZuE → (N/WE1)⊕ (N/WE2)
)
where uE denotes a primitive vector parallel to E, and we define
Mult(V ) := index
(
N →
∏
E3V
N/W∂V E,E
)
.
Although such a splitting formula generally fails in higher-dimensions, Proposition 4.2 shows that
we do always have a splitting formula at point conditions, no matter the genus. Mikhalkin’s formula
for multiplicities of planar tropical curves [Mik05] follows as an easy corollary, thus recovering [NS06,
Prop. 8.8].
1.4. Applications.
1.4.1. Constructing Calabi-Yau manifolds from wall structures. In §5.4 we consider Theorem 1.2 in the
context of the Gross-Siebert mirror symmetry program [GS06, GS11]. In this program, one considers
“wall-crossing automorphisms” which are transition maps between charts whose gluing along these
maps yields the mirror space. Differentiating induces actions on polyvector fields of the mirror, and
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we show in Proposition 5.7 that this action agrees with one induced by the adjoint action for the
Schouten-Nijenhuis bracket (i.e., our l2). This hints at a possible construction of “theta polyvector
fields,” extending the theta functions studied by Gross, Hacking, Keel, Kontsevich, and Siebert [CPS,
GHK15, GHKK14, GHS]. Upcoming work of the first author [Manb] uses Theorem 1.2 when proving
that one can express the [GHKK14] theta bases in terms of mirror descendant log Gromov-Witten
numbers, cf. Example 1.5. Proposition 5.7 suggests that similar arguments might apply to the
conjectural theta polyvector fields. Throughout §5.2-§5.3, we point out several remarkable connections
to [BK98] that we don’t yet fully understand the significance of.
1.4.2. Simplified formulae in special cases. Various already-known multiplicity formulae can be easily
recovered from our theorems as well. As previously noted, Mikhalkin’s formula [Mik05] for multiplici-
ties of planar tropical curves is easily recovered from our Proposition 4.2. A formula for multiplicities
of genus 0 curves satisfying line conditions in three dimensions is given in [Mik, Prop. 6.7], and this
can be recovered from our Theorem 1.2 (in this setup, the wedge-products followed by contractions
are interpreted as cross-products).
The following example gives a nice expression for multiplicities as products of vertex multiplicities
in the setup relevant for understanding the multiplication rule of theta functions on cluster varieties.
The classical case of [Mana, Thm. 3.9] shows that theta functions are determined by counts of
tropical curves as in the following example.
Figure 1.1. A tropical
curve Γ contributing to the
constant term in the product
of three theta functions.
Example 1.5. Let ω(·, ·) denote an integral skew-symmetric
bilinear form on N . Let ∆ : I unionsq J unionsq {∞} → N be a map
of sets with ∆ nonzero on I unionsq J and with ∆(∞) = 0. We
further require that mi := ω(∆(i), ·) ∈M is nonzero for each
i ∈ I. Consider the incidence conditions A with A∞ equal to
a point in general position, Aj = NR for j ∈ J , and for each
i ∈ I, Ai is a general translate of m⊥i with weight1 equal to
the index of mi. Let Ψ be the condition that the vertex V∞
contained in E∞ is (|J |+ 1)-valent.
One finds that a tropical curve Γ of genus 0 and degree ∆
satisfying A and Ψ is rigid and each component of Γ \ {E∞}
contains exactly one of the edges of the form Ej for j ∈ J . In
[Mana], the edges indexed by J are indexing theta functions
whereas the edges indexed from I correspond to Maslov index
zero disks that originate in the walls given by the m⊥i . We now compute the multiplicity of Γ using
Theorem 1.2. We take for ζE∞ a primitive element of Λ
topM . We take ζEj = z
∆(j) for each j ∈ J .
For i ∈ I, we take ζEi = z∆(i) ⊗mi. We consider the flow towards V∞.
At a vertex V 6= V∞, suppose we have two incoming edges Ek, k = 1, 2, with ζEk = znEk⊗ω(nEk , ·).
Then up to sign, the outgoing edge E3 receives
ζE3 = `2(ζE1 , ζE2) = `1
(
znE1+nE2 ⊗ (ω(nE1 , ·) ∧ ω(nE2 , ·)))
= ω(nE1 , nE2)z
nE1+nE2 ⊗ ω(nE1 + nE2 , ·) = ω(nE1 , nE2)znE3 ⊗ ω(nE3 , ·)
1Such weights show up in [MR, §4.3]. If Ai has weight w(Ai) ∈ Z>0, then αAi is chosen to have index w(Ai),
meaning it is w(Ai) times a primitive vector.
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with nE3 = nE1 + nE2 . If, instead, ζE2 were just equal to z
nE2 , with ζE1 as before, then we find
ζE3 = ω(nE1 , nE2)z
nE3 .
By induction, every V 6= V∞ is of one of the above two forms, up to multiplying by constant coefficients.
It follows with Theorem 1.2 that
Mult(Γ) =
∏
V
Mult(V )(1)
where Mult(V∞) := 1, and for V 6= V∞, Mult(V ) := |ω(nE1 , nE2)| for E1, E2 two of the edges
containing V and nEi denoting a weighted tangent direction of Ei.
The computation here will be used in [Manb] to relate the multiplicities of [Mana, §3.1.2] to those
of [MR], thus relating the theta functions to descendant log Gromov-Witten invariants.
In the quantum version of [Mana, Thm. 3.9], the analogous multiplicities correspond to a refinement
as in [BG16]. That is, one defines the quantum multiplicities Multq(Γ) by replacing each Mult(V )
in (1) with a Laurent polynomial Multq(V ). For V 6= V∞, Multq(V ) := qMult(V ) − q−Mult(V ), while
Multq(V∞) := q
∑
i<j ω(nEi ,nEj ), where E1, . . . , E|J| are the edges (other than E∞) containing V∞,
ordered according to the order of the theta function multiplication. Upcoming work of the first
author will generalize [Mik16] to relate these refined tropical counts to certain counts of real curves
(or holomorphic disks with boundary on the real locus). The computation here then implies that the
real curve counts determine the holomorphic curve counts.
1.4.3. Tropical invariance and the Jacobi identity. The tropical Gromov-Witten numbers are invariant
under generic translations of the incidence conditions A. This of course follows from the fact that
these numbers are known to correspond to descendant log Gromov-Witten invariants [MR]. On the
other hand, a direct proof of this tropical invariance in 2-dimensional cases (without ψ-classes) was
given by Gathmann-Markwig in [GM07]. Building off their approach, Figure 1.2 demonstrates that,
when multiplicities are computed in terms of Schouten-Nijenhuis brackets as in Theorem 1.2, the
invariance of the genus 0 tropical counts is related to the Jacobi identity.
E1
E2
E3
E4
E1
E2
E3
E4
E1
E2
E3
E4
[ζE1 , [ζE2 , ζE3 ]] = [[ζE1 , ζE2 ], ζE3 ] + [ζE2 , [ζE1 , ζE3 ]]
Figure 1.2. In the space of translations of the incidence conditions there are codi-
mension 1 walls along which two 3-valent vertices merge to one 4-valent vertex. On
one side of such a wall, this 4-valent vertex can deform in one way, while on the other
side it may deform in one or two ways. The invariance of the tropical counts is then
related to the Jacobi identity. The bracket here is the Schouten-Nijenhuis bracket
(i.e., l2).
In general, the signs in this Jacobi identity approach are surprisingly unwieldy. However, given
another Gerstenhaber algebra which q-deforms polyvector fields and which satisfies l2(ζ˜E1 , ζ˜E2) = 0
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whenever the q 7→ 1 limit is 0, one could hope to use this approach prove refined invariance results.
Indeed, similar techniques were used in [Mana, §3.3.3] to prove a refined version of the Carl-Pumperla-
Siebert [CPS] Lemma on consistency of theta functions, interpreted in [Mana] in terms of invariance
of tropical counts. Invariance of the refined descendant tropical counts mentioned in Example 1.5
was obtained as a corollary, cf. [Mana, Prop. 3.5]. We hope that Block-Go¨ttsche invariants [BG16]
(whose invariance was proved in [IM13] using the techniques of [GM07]) could be understood using this
approach, along with the various other refined invariants defined in [BS, GS, Mana, Shu, SS18], but at
this point we do not know how to q-deform more than just the degree 0 and 1 parts of the polyvector
field Gerstenhaber algebra (the q-deformation in these degrees essentially gives the quantum torus
algebra and its adjoint action).
Upcoming work by the first author will relate q-deformed tropical counts to certain open string
counts in the presence of a non-trivial B-field, extending the construction of [Mik16]. The invariance
of these open string counts depends on the invariance of the tropical counts, so finding new q-deformed
tropical invariants using the methods of this article could be expected to yield new geometric invariants
as well.
1.5. Acknowledgements. We thank Lawrence Barrott, Mark Gross, Joachim Kock, Janko Latschev,
Brent Pym and Nick Sheridan for useful conversations.
2. Review of tropical curves and their multiplicities
Notation 2.1. For use throughout this paper, fix a lattice N of finite rank r ≥ 0, and let M be the
dual lattice Hom(N,Z). For any lattice L, denote LR := L⊗ R. Let 〈·, ·〉 denote the pairing between
a lattice and its dual. We say v ∈ L is primitive if it is not a positive multiple of any other element of
L, and we say v has index k ≥ 0 in L if v = kv′ for some primitive v′ ∈ L, k ∈ Z≥0. We denote the
index of v by |v|. Given any subset S ⊂ NR, we let L(S) denote the linear span of S in NR, i.e., the
R-span of the set of vectors u− v where u, v ∈ S. We will denote LN (S) := L(S) ∩N .
2.1. Tropical curves. In this and the next subsection, we recall the basic definitions of tropical
Gromov-Witten numbers, cf. [MR, §2] for more details.
Let Γ denote the topological realization of a finite connected graph. Let Γ be the complement
of some subset of the 1-valent vertices of Γ. Let Γ[0], Γ[1], Γ
[1]
∞ , and Γ
[1]
c denote the sets of vertices,
edges, non-compact edges, and compact edges of Γ, respectively. We equip Γ with a “weight-function”
w : Γ[1] → Z≥0 and a “genus-function” g : Γ[0] → Z≥0, subject to the requirement that univalent and
bivalent vertices have positive genus.
A marking of Γ is a bijection  : I → Γ[0] \Γ[0] for some index set I. Let Ei ∈ Γ[1]∞ denote the edge
containing (i). Let I◦ ⊂ I denote the set of i ∈ I for which w(Ei) = 0. Denote by (Γ, ) the data of
Γ, the weight-function w, the genus-function g, and the marking.
Definition 2.2. A parameterized tropical curve (Γ, , h) is data (Γ, ) as above, along with a
continuous map h : Γ→ NR such that
(1) For each edge E ∈ Γ[1] with w(E) > 0, h|E is a proper embedding into an affine line with
rational slope. For E ∈ Γ[1] with w(E) = 0, h(E) is a point.
(2) For every V ∈ Γ[0], the following balancing condition holds. For each edge E 3 V , denote
by u(V,E) the primitive integral vector emanating from h(V ) into h(E) (or u(V,E) := 0 if h(E)
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is a point). Then ∑
E3V
w(E)u(V,E) = 0.
For unbounded edges Ei 3 V , we may denote u(V,Ei) simply as uEi or ui. Similarly, for any edge
E, we may simply write uE when the vertex is either clear from context or unimportant (e.g., as in
ZuE). For each edge, we arbitrarily fix a labelling of its vertices as ∂+E and ∂−E, possibly writing
just ∂E if E contains only one vertex. If w(E) = 0 and V ∈ E, we take uE := u(V,E) = 0.
An isomorphism of parameterized tropical curves (Γ, , h) and (Γ′, ′, h′) is a homeomorphism
Φ : Γ → Γ′ respecting the weights, genera, and markings such that h = h′ ◦ Φ. A tropical curve
is then defined to be an isomorphism class of parameterized tropical curves. We will use (Γ, , h) to
denote the isomorphism class it represents and will often abbreviate this as simply h or Γ.
Remark 2.3. If Γ is nonempty but contains no vertices, then Γ consists of two univalent vertices
connected by an edge. Then I labels these univalent vertices, hence I labels the two unbounded
directions of Γ, which we view as the flags of Γ. With this convention, the notions of type and degree
are easily extended to curves Γ with no vertices, but to simplify the exposition, we assume for the
rest of this section that Γ[0] 6= ∅. See [MR, Rmk. 4.17] for some details on this case.
If b1(Γ) denotes the first Betti number of Γ, the genus of a tropical curve Γ is defined as
g(Γ) = b1(Γ) +
∑
V ∈Γ[0]
g(V ).
A flag of Γ is a pair (V,E) with E ∈ Γ[1] and V a vertex of E. The type u of a marked tropical
curve is the data of the underlying graph Γ, w, g, , plus the data of u(V,E) for each flag (V,E).
Given a tropical curve, the degree (I,∆), or ∆ for short, is the data of the index set I from the
marking, along with the corresponding map ∆ : I → N , ∆(i) = w(Ei)ui.
Let val(V ) denote the valence of a vertex V . Define the over-valence ov(V ) := val(V ) + 3g(V )− 3,
and
ov(Γ) :=
∑
V ∈Γ[0]
ov(V ).
The moduli space Tg,∆ of marked tropical curves of genus g and degree ∆ is a polyhedral complex
whose faces correspond to tropical curve types. If Γ ∈ Tg,∆ has type u, then the expected dimension
for the face Fu corresponding to u is
dtropg,u := #I + (r − 3)(1− g)− ov(Γ).
We say that tropical curves of type u are non-superabundant if they contain no contracted loops
or higher-genus vertices and the actual dimension of Fu equals this expected dimension.
2.2. Tropical Gromov-Witten numbers.
Definition 2.4. An affine constraint A is a tuple (Ai)i∈I of affine subspaces of NR. A marked
tropical curve (Γ, , h) matches the constraint A if h(Ei) ⊂ Ai for all i ∈ I.
Consider another tuple Ψ := (si)i∈I◦ ∈ Zm≥0. For each V ∈ Γ[0], denote −1(V ) := {i ∈ I : Ei 3 V }.
We say (Γ, , h) satisfies Ψ if for each vertex V we have
ov(V ) ≥
∑
i∈−1(V )∩I◦
si.(2)
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We are interested in the space
Tg,∆(A,Ψ) ⊂ Tg,∆
of marked tropical curves of genus g, degree ∆, matching the constraints A and satisfying the ψ-class
conditions Ψ. We write Tg,u(A,Ψ) for the subspace corresponding to tropical curves of type u.
For a marked vertex V ∈ Γ[0], when (2) is an equality, let 〈V 〉 denote the multinomial coefficient
〈V 〉 :=
(
ov(V )
si1 , . . . , simV
)
ij∈−1(V )∩I◦
:=
ov(V )!∏
i∈µ−1(V ) si!
.(3)
If no contracted edges contain V , then 〈V 〉 := 1.
When we say A is generic, we mean that the spaces Ai are generic translates of their corresponding
linear spans L(Ai) (cf. Notation 2.1). For an edge E ∈ Γ[1], we will write L(E) and LN (E) to mean
L(h(E)) and LN (h(E)), respectively. That is, L(E) = {0} if w(E) = 0, and L(E) = RuE otherwise.
Lemma/Definition 2.5. Let Γ be a non-superabundant tropical curve of type u in Tg,∆(A,Ψ) for
a generic choice of A (generic in the space of translations of the incidence conditions). Suppose that∑
i∈I
codim(Ai) = d
trop
g,u .(4)
In this case, Γ is an isolated point of Tg,∆(A,Ψ), and we say that Γ is rigid (with respect to A and
Ψ). We call Tg,∆(A,Ψ) rigid if every Γ ∈ Tg,∆(A,Ψ) is rigid, and in this case, Tg,∆(A,Ψ) is finite.
For any (Γ, h) ∈ Tg,∆(A,Ψ), we have a map
Φ :=
∏
V ∈Γ[0]
N →
 ∏
E∈Γ[1]c
N/LN (E)
×(∏
i∈I
N/LN (Ai)
)
(5)
H 7→ ((H∂+E −H∂−E)E∈Γ[1]c , (H∂Ej )j∈I).
Let ΦR = Φ⊗R, so ker ΦR is naturally identified with the tangent space to Tg,u(A,Ψ) at Γ as in [MR,
Prop. 2.10].
In particular, when Γ is a rigid tropical curve, Φ is a finite-index inclusion of lattices. We denote
DΓ := index(Φ)(6)
and
Mult(Γ) := DΓ
∏
E∈Γ[1]c
w(E).(7)
If there is ambiguity about which conditions A are being imposed, we will write MultA(Γ).
If Tg,∆(A,Ψ) is rigid, we define the tropical descendant Gromov-Witten numbers as follows:
GWtropg,∆ (A,Ψ) :=
∑
(Γ,µ,,h)∈Tg,∆(A,Ψ)
Mult(Γ)
|Aut Γ|
∏
V ∈Γ[0]
〈V 〉.(8)
It was proved in [MR, Thm 1.1] that this quantity coincides with the corresponding descendant
log Gromov-Witten invariant (as well as a naive algebraic count) for projective toric varieties with
cocharacter lattice N , defined over an algebraically closed characteristic 0 field k.
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2.3. The tropical intersection-theoretic description of multiplicities. In genus 0, the above-
mentioned correspondence between tropical and algebraic Gromov-Witten counts was proved in [Ran17,
Gro18] in terms of tropical intersection theory, a quite different approach from that of [NS06, MR]. In
particular, this indicates that the multiplicity Mult(Γ) of (7) can be expressed in terms of the tropical
intersection theory developed in [AR10, Rau16]. For our goal of understanding our tropical curve
multiplicities, it will suffice for us to understand tropical intersections of linear tropical subspaces of
some LR, i.e. rational-slope linear subspace with an associated weight in Z≥1. We call a linear tropical
subspace primitive if this weight is 1. Since the tropical intersection product is linear, it suffices to
understand the primitive cases. Intersections of linear tropical subspaces are then characterized by
the following lemma, and for our purposes the reader may take this as the definition of the tropical
intersection product. Here and below, we use
∏
to denote the tropical intersection product of a
collection of tropical cycles, and
⋂
to denote the set-theoretic intersection.
Lemma 2.6. Given a finite-rank lattice L, let {Ai}i∈I be a collection of primitive linear tropical
subspaces of L⊗R. Then for the intersection product of these classes we have ∏iAi = w⋂iAi, where
w is the index of the map L→⊕i L/(L ∩Ai) (and w = 0 if this map is not finite-index).
Proof. The case where each Ai is a hyperplane is just [Rau16, Lem. 1.4] (for each hi there having
primitive slope). The general case follows after noting that any Ai can be realized as a tropical product
of hyperplanes. 
For each edge E ∈ Γ[1], there is a corresponding factor N/LN (E) or N/LN (Ai) in the codomain of
Φ, and we define ΦE to be the composition of Φ with the projection onto this factor. Then ker(ΦE⊗R)
defines a linear subspace, hence a tropical cycle in domain(ΦR). If E is compact, this tropical cycle
is a diagonal class between the two copies of NR corresponding to the vertices of E, and we denote
the class by [∆E ]. If E = Ei is not compact, we denote the corresponding class by [Ai] since it is the
class of the pullback of Ai by the evaluation map corresponding to Ei.
Proposition 2.7.
Mult(Γ) =
∫
domain(ΦR)
 ∏
E∈Γ[1]c
w(E)[∆E ]
 .(∏
i∈I
[Ai]
)
.(9)
Proof. It follows easily from Lemma 2.6 and the definition of Φ that DΓ is given by the right-hand
side of (9) without the w(E)-factors. The claim then follows immediately after multiplying by these
weights. 
Remark 2.8. For readers familiar with our paper [MR], we note here that we could have directly used
(9) (times
∏
V 〈V 〉) as our definition of multiplicity in the proof of the correspondence theorem [MR,
Thm 1.1]. Indeed, these tropical intersections have a geometric interpretation directly applicable to
our proof there as follows: let
Φ◦ :=
∏
V ∈Γ[0]
N →
∏
E∈Γ[1]c
N/w(E) LN (E)
H 7→ (H∂+E −H∂−E)E∈Γ[1]c .
The combination of [MR, Prop. 4.10 and Lem. 4.11] says that the space of log curves in X †0 (cf. loc. cit.
for the notation) with tropicalization Γ is a ker(Φ◦k∗)-torsor overM(Γ) := (
∏
V Mg(V ),val(V ))/Aut(Γ).
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The ψ-classes exactly serve to cut out
∏
V 〈V 〉 points in the baseM(Γ), each with multiplicity 1|Aut Γ| ,
so we can focus on ker(Φ◦k∗). We want to show that the number of points in the intersection of the
algebraic cycles [ZAi ] and [ZAi,ui ] (cf. [MR, §3.2.1]) in ker(Φ◦k∗) is given by (9). Indeed, after observing
that ker(Φ◦k∗) is the intersection in domain(Φk∗) of the diagonal classes w(E)[∆
k∗
E ] corresponding to
the compact edges, it is clear that the tropical intersection of (9) is exactly the tropicalization of the
intersection of toric cycles appearing in the algebraic setup.
2.4. Tropical intersections, wedge products, and a Frobenius algebra. The following reinter-
pretations of Lemma 2.6 will be instrumental in §3.
Let L be an arbitrary lattice. Given a linear rational-slope subspace A ⊂ LR of weight w, let αA
denote the unique-up-to-sign element
αA ∈ ΛcodimAL∗(10)
of index w whose restriction to A is trivial.
Lemma 2.9. For {Ai}i a collection of primitive linear tropical subspaces of LR, and for A :=
∏
iAi,
we have αA = ±
∧
i αAi .
The sign ambiguity above is inconvenient, but it can be avoided using the following “squaring” trick
which will also prevent more serious sign issues later on. For any lattice L and elements a1, . . . , ak ∈ L,
if α = a1 ∧ · · · ∧ ak, we denote
α2 :=
k∧
i=1
((ai, 0) ∧ (0, ai)) ∈ Λeven(L⊕ L).(11)
Equivalently, α2 = (−1)deg(α)(deg(α)−1)/2(α, 0) ∧ (0, α). If α ∈ Λ0L = Z, then α2 := α2. We obtain a
canonical element
Θ2L ∈ Λtop(L⊕ L),(12)
where ΘL is either choice of primitive element of Λ
topL. The exterior algebra
CL := Λ∗(L⊕ L)(13)
then becomes a graded-commutative Frobenius algebra2 over Z with trace
TrL : CL → Z
given by projecting onto Λtop(L ⊕ L) and then composing with the unique map Λtop(L ⊕ L) → Z
taking Θ2L to 1.
Lemma 2.9 immediately implies the following:
Lemma 2.10. Notation as in Lemma 2.9. Then∫
LR
∏
i
Ai =
√√√√TrL(∧
i
α2Ai
)
.
2Recall that a Frobenius algebra over R is an associative R-algebra A together with an R-linear trace map Tr : A→ R
such that the pairing Tr : A⊗R A→ R, Tr(a⊗ b) := Tr(ab) is non-degenerate. By graded-commutative, we mean that
the multiplication is graded-commutative, and the Frobenius trace preserves the parity of the grading. This parity-
preservation is necessary for associating a closed-string 2D TQFT to the Frobenius algebra. For odd-dimensional L,
the Frobenius algebra structure on Λ∗L would not be graded-commutative. This motivates the squaring trick.
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3. Tropical quantum field theory
3.1. The definition of 2-dimensional tropical quantum field theory. In this section we define
the notion of a 2D tropical quantum field theory3 (TrQFT for short) with target space NR. We view
this as a tropical analog of a 2D topological quantum field theory (TQFT).
We begin by defining a symmetric monoidal category Trop2Cob which will for us play the role
that 2 Cob (the category whose objects are disjoint unions of circles and whose morphisms are 2-
dimensional cobordisms) typically plays for a 2D TQFT. Let N denote the set-theoretic quotient of
N by the Z/2Z action of negation. An object of Trop2Cob is a (tropical) degree, by which we mean
the data of a finite index-set I along with a map ∆ : I → N . Here, two tropical degrees (I1,∆1) and
(I2,∆2) are identified as the same object if there exists a bijection i : I1 → I2 such that ∆1 = ∆2 ◦ i.
We have an monoidal operation unionsq which, given two such objects (I1,∆1) and (I2,∆2), produces a
third object (I1 unionsq I2,∆1 unionsq∆2), where I1 unionsq I2 is the disjoint union of I1 and I2, and ∆1 unionsq∆2 is the
map taking j to ∆1(j) if j ∈ I1 and ∆2(j) if j ∈ I2.
We note that the empty degree ∅ → N is the identity element for unionsq. For convenience, we will often
write [n] to denote the object
∆ : {1} → N(14)
with ∆(1) = n.
Definition 3.1. A tropical cobordism of tropical degree ∆ : I → N is the following data:
• A finite graph Γ;
• A “(weighted) direction function” u : Γ[1] → N ;
• A “marking”  : I ↪→ Γ[0], with image in the set of 1-valent vertices of Γ[0]. For each i ∈ I, let
Ei denote the edge containing (i), and let Γ := Γ \ (I). We require u(Ei) = ∆(i). ;
• A “genus-function” g : Γ[0] → Z≥0.
This data is considered up to isomorphisms of Γ which respect u, , and g, and also up to the
equivalence relation generated by the following: If E ∈ Γ[1]c ∩ u−1(0) contains vertices V and V ′, then
contracting E and identifying V with V ′ produces an equivalent tropical cobordism. Here, if E is
self-adjacent, i.e., if V = V ′, then we increase g(V ) by 1 when we contract E.
Note in particular that a tropical curve type determines a tropical cobordism an obvious way, and
the associated tropical degree, projected to N , gives the correct degree for the cobordism.
We can now define the morphisms of Trop2Cob. Given objects (I1,∆1) and (I2,∆2) as above
(abbreviated as just ∆1 and ∆2), Hom(∆1,∆2) is defined as the set of equivalence classes of tropical
cobordisms of degree (I1 unionsq I2,∆1 unionsq∆2).
Next suppose we have tropical cobordisms Γ12 ∈ Hom(∆1,∆2) and Γ34 ∈ Hom(∆3,∆4), and
consider a set J , identified with a subset of I2 and with a subset of I3, such that ∆2(j) = ∆3(j) for
each j ∈ J . Then we have a composition ◦J obtained by gluing Γ12 and Γ34 along the edges E12,j and
E34,j associated to j for each j ∈ J . By “gluing,” we mean that we form a new tropical cobordism by
removing E12,j and E34,j from Γ12 and Γ34, respectively, and then replacing these by a new compact
3We view the TrQFT’s introduced here as being two-dimensional, even though the tropical curves are one-
dimensional, because the TQFT’s it most closely resembles are two-dimensional. Indeed, the log curves associated
to the tropical curves have real dimension two, and we suspect our 2D TrQFT’s can thus be viewed as the tropicaliza-
tion of a logarithmic version of a 2D TQFT, cf. Remark 3.7.
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edge Ej with direction u(Ej) = ∆2(j) = ∆3(j) with vertices ∂E12,j and ∂E34,j . The remaining data
of the new curve is inherited in the obvious way. In particular, when J = I2 = I3, this ◦J gives the
composition law for the category.
Note that the tropical cobordism with no vertices and with a single edge of weighted direction
n ∈ N gives the identity morphism for the object [n]. We have thus constructed our symmetric
monoidal category Trop2Cob.
Definition 3.2. A two-dimensional tropical quantum field theory (TrQFT) is a functor F of
symmetric monoidal categories from Trop2Cob to another symmetric monoidal category C.
We will always denote the monoidal operation on the target category C by ⊗.
Figure 3.3. The map Forget : Trop2Cob→ 2 Cob in an example.
Example 3.3. There is a symmetric monoidal functor Forget : Trop2Cob → 2 Cob associating a
circle to each element of I and a 2-cobordism to each tropical cobordism Γ. The way it works is
sketched in Figure 3.3. To obtain Forget(Γ) here, we first view Γ as the dual graph to a pre-stable
marked curve. The cobordism is then constructed by treating markings as punctures, and treating
nodes as pairs of punctures glued together. This yields a TrQFT, and furthermore, any TQFT can
be pulled back via Forget to yield a TrQFT. In the reverse direction, we have a section of Forget
which naturally identifies 2 Cob with the full subcategory of Trop2Cob whose objects are those of the
form ∆ : I → {0} ⊂ N . Thus, every TrQFT includes the data of a TQFT via restriction to this full
subcategory.
In the case of interest to us, the target symmetric monoidal category will be the category of super
Z-modules, which we denote by
sZMod .
I.e., sZMod is the category of Z/2Z-graded Abelian groups, with tensor product as the monoidal
operator, and with braiding τV,W : V ⊗W → W ⊗ V taking v ⊗ w to (−1)deg(v) deg(w)w ⊗ v, where
deg(v) and deg(w) are the degrees of the homogeneous elements v ∈ V and w ∈W .
3.2. Tropical flows and an algebraic characterization of TrQFT’s. It is a standard fact (proved
in [Abr96]) that the data of a 2D TQFT valued in the category of vector spaces is equivalent to the
data of a commutative Frobenius algebra. More generally, a TQFT is a commutative Frobenius object
in whatever the target symmetric monoidal category is. In particular, when the target is a category
of super vector spaces or super modules, “commutative” actually means graded-commutative. See
[Koc04] (particularly §3.3.3) for a nice explanation of this generality.
The unit/counit and product/coproduct correspond to cups/caps and pairs of pants, respectively,
in the category 2 Cob. Thus, the image of any 2-cobordism C under the TQFT functor can be
understood by taking a handle-body decomposition of C. Gluing components of this decomposition
along common boundary curves corresponds to composing the corresponding morphisms. We will
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extend this to give a similar characterization of a TrQFT. First, we need a new definition and some
notation:
Definition 3.4. Let Γ be a tropical cobordism (up to equivalence). Let Γ′ denote the graph obtained
from Γ by inserting a bivalent vertex in the middle of each edge, then adding univalent vertices to
compactify the non-compact edges (i.e., reinserting the vertices of Γ \ Γ). If E ∈ Γ has no vertices,
then we also insert a vertex in the middle of E in addition to the two univalent vertices at the ends
of E. A tropical flow on Γ is a choice of acyclic quiver structure on Γ′. If Γ ∈ Hom(∆1,∆2), then
we require the vertices in (I1) to be sources, and we require the vertices in (I2) to be sinks.
When drawing tropical cobordisms Γ ∈ Hom(∆1,∆2), we will do the following:
• We write n over an edge to indicate the weighted direction.
• We write • to indicate a genus 0 vertex of Γ (we will have no need for drawing higher-genus
vertices).
• We use arrow tails to indicate vertices in (I1) and arrow heads to indicate vertices in (I2).
For example,
n−−−≺ represents a tropical cobordism in Hom([n] unionsq [n], ∅), while 0−−− • n−−−−
represents an element of Hom([0], [n]). Note that
n−−− is the identity morphism in Hom([n], [n]).
Theorem 3.5. The following data is equivalent to the data of a TrQFT F : Trop2Cob→ C:
• A commutative Frobenius object C0 in C.
• For each n ∈ N \ {0}, an object Cn of C equipped with morphisms Trn : Cn ⊗ Cn → 1C and
Tr∨n : 1C → Cn ⊗ Cn.
• Morphisms κn : Cn → C0 and κ∨n : C0 → Cn for each n ∈ N \ {0} such that
Trn ◦(idn⊗κ∨n) = Tr0 ◦(κn ⊗ id0) as morphisms Cn ⊗ C0 → 1C, and dually,(15)
(idn⊗κn) ◦ Tr∨n = (κ∨n ⊗ id0) ◦ Tr∨0 as morphisms 1C → Cn ⊗ C0.(16)
Proof. For each n ∈ N , we have an object [n] ∈ Trop2Cob as in (14), and then the object Cn ∈ C is
F ([n]). The fact that F ([0]) must be a commutative Frobenius object follows from Example 3.3.
The morphisms from the statement of the theorem are then obtained from the TrQFT as follows:
Trn := F (
n−−−≺),
Tr∨n := F (
n≺−−−−),
κn := F (
0≺−−−− • n−−−≺),
κ∨n := F (
0−−− • n−−−−).
With these definitions, we see that both sides of (15) are equal to F (
n−−− • 0−−−≺), while both sides
of (16) are equal to F (
n≺−−−− • 0−−−−), so (15) and (16) must hold.
It remains to show that such data suffices to completely determine a TrQFT. For any tropical
cobordism Γ ∈ Hom(∆1,∆2), we can always assume the following by inserting new edges E of direction
0: if an edge E ∈ Γ[1] has nonzero direction, and if V ∈ Γ[0] is a vertex of E, then V is bivalent, and the
other edge containing V has direction 0 (i.e., we insert a new compact direction-0 edge in the middle
of every flag of Γ for which the edge has nonzero direction). Now pick an arbitrary tropical flow on
Γ. After possibly inserting additional direction-0 edges, we can assume that no two sources/sinks are
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contained in adjacent edges of Γ. Now if a source or sink is contained in a bivalent vertex V ∈ Γ[0],
we modify the flow by moving this source or sink to either one of the adjacent vertices of Γ′ so it is
no longer on a vertex of Γ[0]. The resulting flow has the property that all sources and sinks are in
(Γ′)[0] \Γ[0] or at vertices whose adjacent edges all have direction 0. This tropical flow now determines
a decomposition of Γ into morphisms which correspond under F to the morphisms Trn, Tr
∨
n , κn, κ
∨
n ,
along with endomorphisms of C0 which correspond to the Frobenius algebra operations. Composing
these yields the desired morphism F (Γ) : F (∆1)→ F (∆2).
We must now check that F (Γ) does not depend on the choice of flow. Note that (15) says that
we can move sinks past bivalent vertices, while (16) says that we can move sources past bivalent
vertices. If Γ0 is a subgraph (with half-edges) of Γ such that every edge has direction 0, then the usual
correspondence between commutative Frobenius objects and TQFT’s ensures that sinks and sources
can be freely moved around within Γ0. Furthermore, possibly after inserting more direction-0 edges
into Γ0, we can use the Frobenius relations to insert new sources and sinks in Γ0, and then these can
be moved to elsewhere in Γ using (15) and (16). Any two tropical flows on Γ can be related by these
operations.
Finally, compatibility with the first equivalence relation of Definition 3.1 is clear since we never used
more than the type up to ± id, and compatibility with the second follows from noting that contracting
compact direction-0 edges just corresponds to contracting cylinders in the TQFT associated to C0.
Thus, the data indeed determines a TrQFT. 
Recall (cf. [Koc04, §3.6.8]) that a Frobenius object includes the data of a product ∧, a coproduct
∨, a unit η, and a counit . This data induces a trace Tr :=  ◦ ∧ and a “cotrace” Tr∨ := ∨ ◦ η. Thus,
one natural way to get the data of the maps Trn and Tr
∨
n is by realizing them as the trace and cotrace
of a commutative Frobenius object structure on Cn. Condition (15) can be phrased as adjointness
with respect to the traces, and Condition (16) follows from (15) using the self-duality of Frobenius
objects. We thus obtain the following:
Corollary 3.6. The following data is sufficient to give a TrQFT F : Trop2Cob→ C:
• For each n ∈ N , a commutative Frobenius object Cn ∈ C,
• A morphism κn : Cn → C0 for each n (the identity if n = 0), and
• A morphism κ∨n : C0 → Cn which is adjoint to κn with respect to the Frobenius traces, (meaning
it satisfies (15)).
We will use Corollary 3.6 to construct the TrQFT’s of interest to us here.
Remark 3.7. As noted in Example 3.3, we have a forgetful morphism Forget : Trop2Cob→ 2 Cob. On
the other hand, Trop2Cob is roughly a version of 2 Cob in which the circles are colored by elements
of N (indeed, Trop2Cob is a colored PROP with N as the set of colors), and in which cylinders
(corresponding to edges) may act non-trivially. To explain why these cylinders/edges should be
allowed to act non-trivially, we suggest that the cylinder associated to a half-edge of nonzero weighted
direction n should be viewed as being semi-infinite, with boundary circle living on a toric divisor
Dn at infinity. Indeed, this accurately describes the log curves whose tropicalizations are Γ. The
Frobenius algebras Cn which we will define below can be viewed as (extensions of) the spaces of
incidence conditions which one can impose on these punctures at infinity.
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3.3. Defining the Multiplicity TrQFT. For each n ∈ N , let Mn := n⊥ ⊂ M . Note that Mn is
not affected by replacing n with −n, so we can use the projection n ∈ N . We take
Cn := CMn ,
where CMn is the graded-commutative Frobenius algebra Λ∗(Mn ⊕Mn) as in (13). Recall that the
trace is defined to take Θ2n to 1, where Θn is either choice of primitive element of Λ
topMn.
The inclusion Mn ↪→ M induces an inclusion of graded-commutative algebras in : Cn ↪→ C0 (not
respecting the traces). We define κ0 := id, and for n 6= 0, we define
κn = |n|2in : Cn ↪→ C0,
where n is either lift of n (cf. Notation 2.1). We will from now on identify Cn with its image under
κn, i.e., for nonzero n,
(17) Cn = ι(n,0)∧(0,n)(Λ∗(M ⊕M)).
Finally, we define the adjoint maps: κ∨0 := id, and for n 6= 0,
κ∨n : C0 → Cn
a 7→ ι(n,0)∧(0,n)(a).
To check that these are indeed adjoints, first note that, with (17) understood, Θ2n = ι(n,0)∧(0,n)(Θ
2
0 ).
Given a ∈ C0, b ∈ Cn, set k = Tr0(a, κn(b)), i.e., a ∧ κn(b) = kΘ20 . Then we have
κ∨n(a) ∧ b = ι(n,0)∧(0,n)(a) ∧ b
= ι(n,0)∧(0,n)(a ∧ κn(b))
= ι(n,0)∧(0,n)(kΘ20 )
= kΘ2n
hence Trn(κ
∨
n(a), b) = k, as desired. We thus obtain a TrQFT via Corollary 3.6. We denote the
corresponding functor by
FMult : Trop2Cob→ sZMod .
3.4. The Main Theorem. Now let Γ be a rigid tropical curve in Tg,∆(A,Ψ). Its degree determines
an object (I,∆) ∈ Trop2Cob, and Γ (up to type and the negation-action) can be viewed as a morphism
in Hom((I,∆), (∅, )). Applying a TrQFT F , we have
F (Γ) ∈ Hom
(⊗
i∈I
C∆(i),Z
)
.
For each i ∈ I, we have an affine incidence condition Ai ⊂ NR, say with weight wi. We take αi to
be an associated element of Λ∗M as in Lemma 2.9, that is,
αi ∈ Λcodim(Ai)M ⊂ Λ∗M(18)
to be the unique-up-to-sign index wi element which restricts to 0 on L(Ai). Note that since ∆(i) ∈
L(Ai), αi is in fact contained in Λ
∗M∆(i) ⊂ Λ∗M , so α2i ∈ C∆(i). Finally, define
γ :=
⊗
i∈I
α2i ∈
⊗
i∈I
C∆(i).
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Theorem 3.8. For Γ and γ as above,
(Mult(Γ))2 = (FMult(Γ))(γ).(19)
Proof. Let L be the lattice
∏
V ∈Γ[0] N . Note that we can view Λ
∗(N ⊕N) as the cohomology ring of
the torus (NR ⊕NR)/(N ⊕N). The Ku¨nneth theorem gives us a graded isomorphism
Λ∗(L⊕ L) ∼=
⊗
V ∈Γ[0]
Λ∗(N ⊕N).(20)
For each compact edge E ∈ Γ, it follows from the definition of the cup product that the coproduct of
1 ∈ CuE is equal to the Ku¨nneth decomposion of the diagonal class in (NR/RuE)⊕ (NR/RuE). Under
the inclusion (17), 1 ∈ CuE corresponds to |uE |2 in C0, and so applying κuE ⊗ κuE followed by the
isomorphism of (20), we obtain |uE |2[(∆E , 0)⊕ (0,∆E)] in LR ⊕ LR. Theorem 3.8 now follows using
Lemma 2.10 and Proposition 2.7, by treating the middle of every compact edge and the end of every
non-compact edge (viewed as vertices of Γ′) as a source, and treating every vertex as a sink. 
3.5. Explicit description of the coproduct. Here we will clarify how a (graded)-commutative
Frobenius R-algebra A with product ∧ and trace Tr determines a coproduct ∨, and we express the
coproduct of 1 explicitly in our setup.
Given an element z ∈ A, the coproduct ∨ of z is the
unique element
∨(z) =
∑
i
xi ⊗ yi ∈ A⊗A
such that, for all a ∈ A,∑
i
Tr(a ∧ xi)⊗ yi = a ∧ z(21)
This is illustrated by the equivalence of the two cobordisms on the right.
Now let us specialize to our setup where A = Cn. Let e1, . . . , ek be a basis for Λ∗(Mn ⊕Mn) such
that e1 ∧ · · · ∧ ek = Θ2n . Given I = {i1, . . . , i`} ⊂ {1, . . . , k} with i1 < . . . < i`, let eI := ei1 ∧ · · · ei` .
Then we claim that
∨(1) =
∑
I1unionsqI2={1,...k}
(−1)sgn(I2,I1)eI1 ⊗ eI2 ,(22)
where the sum is over all decompositions of {1, . . . , k} into disjoint subets I1 and I2, and sgn(I2, I1) is
the sign of the shuffle taking (1, . . . , k) to (I2, I1). To check this, let a = eJ for arbitrary J ⊂ {1, . . . , k},
and consider ∑
I1unionsqI2={1,...,k}
(−1)sgn(I2,I1) Tr(eJ ∧ eI1)eI2 .
The factor Tr(eJ ∧ eI1) is clearly nonzero if and only if J = I2, and in this case we have Tr(eJ ∧ eI1) =
(−1)sgn(I2,I1), as desired.
Similarly, one sees directly from (21) that
∨(Θ2n ) = Θ2n ⊗Θ2n .(23)
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3.6. A genus 1 example. Consider a genus 1 tropical curve in a plane as in Figure 3.4. Here,
the three vertices V1, V2, V3 are each 4-valent, each contained in one contracted edge Ei, i = 1, 2, 3
respectively (not pictured) satisfying a ψ-class condition and a line condition Ai parallel to v
⊥
i for
v1 = (b,−a), v2 = (d,−c), and v3 = (f,−e). The conditions on the other non-compact edges are all
taken to be trivial (i.e., corresponding to all of NR). The edges all have weight 1, and the directions
of the edges are all determined by uE12 = (1, 0), uE13 = (0, 1), and uE23 = (1,−1). We will illustrate
our different methods for computing the multiplicity in this example.
Figure 3.4. Left: A rigid genus one curve that has a ψ-class condition on each of
three interior markings which also satisfy line-conditions (dashed). Center: Equip-
ping the same curve with a flow (here the contracted edges are pictured as arrow-heads
pointing to the vertices). Right: Splitting E12 at its midpoint p and extending the
resulting non-compact edges to infinity yields a non-rigid genus 0 curve.
3.6.1. Computing multiplicity using a determinant. Using the standard basis e1, e2 for N = Z2, the
map
Φ : NV1 ⊕NV2 ⊕NV3 →
N
ZuE12
⊕ N
ZuE13
⊕ N
ZuE23
⊕ N
Z(a, b)
⊕ N
Z(c, d)
⊕ N
Z(e, f)
as in (5) is given by the matrix that acts on row vectors
Φ =

1 −b
1 a
1 −d
−1 1 c
−1 −1 −f
−1 e

and it has determinant det(Φ) = ade+ adf − bce− bde. Since each edge has weight 1 and 〈Vi〉 = 1 for
each i = 1, 2, 3, this tells us that
Mult(Γ) = |ad(e+ f)− be(c+ d)|.(24)
Remark 3.9. Since ade+adf−bce−bde does not factor, there exists no formula for DΓ or Mult(Γ) as a
product of vertex multiplicities. This is in contrast to planar tropical curves in the absence of ψ-classes
[Mik05]. Also, we will see in Corollary 4.5 that for Γ of genus zero, DΓ can always be expressed as a
product of vertex multiplicities divided by a product of edge multiplicities, with the edge multiplicities
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always equaling 1 in dimension 2. We note that this phenomenon of not factoring into a product of
vertex multiplicities was also observed for refined elliptic tropical descendant invariants in [SS18].
3.6.2. Computing multiplicity using the TrQFT. We now demonstrate how this can be computed using
the TrQFT approach of Theorem 3.8. We take V3 to be a sink for our tropical flow, and for our sources
we take the midpoint p of E12, along with all the non-compact edges.
At p, we have the associated Frobenius algebra
Ce1 = Λ∗(Me1 ⊕Me1),
where we recall that Me1 means e
⊥
1 = Z〈e∗2〉 ⊂ M . Consider the basis f1 = (e∗2, 0), f2 = (0, e∗2) for
Me1 . Then by (22), we have
∨(1) = f1 ∧ f2 ⊗ 1− f1 ⊗ f2 + f2 ⊗ f1 + 1⊗ f1 ∧ f2
in Ce1 . Let us denote the terms of this sum by xi ⊗ yi, i = 1, 2, 3, 4, respectively.
Now, using the designated tropical flow and applying the operations from the construction of FMult
to the incidence conditions and ∨(1) as above, we have that
Mult(Γ)2 =
4∑
i=1
Tr
[
ι(0,1)2(xi ∧ v21 ) ∧ v23 ∧ ι(−1,1)2(yi ∧ v22 )
]
.
One computes Θ20 = −e1 ∧ e2 ∧ e3 ∧ e4, and so the trace Tr is negative the determinant. One then
computes the contributions from i = 1, 2, 3, 4 to be b2e2(c+d)2, −abde(c+d)(e+f), −abde(c+d)(e+f)
again, and a2d2(e + f)2, respectively. The resulting sum is indeed the square of the expression for
Mult(Γ) from (24).
3.6.3. Computing multiplicity using a splitting formula, up to signs. We note one more possible ap-
proach, employing a sort of splitting formula. We use a flow as in the TrQFT approach §3.6.2, and
we “split” the tropical curve at p, removing this midpoint and extending the two newly non-compact
edges to infinity. Label these E1 and E2 as in the right-most part of Figure 3.4.
Now, let A1 be an affine line passing near p and parallel to Re1, and let A2 = NR. If, in addition to
the previously imposed conditions, we impose A1 on E1 and A2 on E2, the resulting rigid tropical curve
has multiplicity |be(c + d)|. If we instead impose A1 on E2 and A2 on E1, the resulting multiplicity
is |ad(e + f)|. These two can of course be combined, with some careful sign choices, to yield the
multiplicity as given in (24).
Such a splitting is indeed always possible, and in the next section we will prove and apply this to
genus 0 cases. The problem with higher-genus cases, as discussed further in Remark 4.6, is that we do
not have a nice general procedure for determining the correct signs when combining the multiplicities as
above. These sign issues are related to the necessity of the squaring trick employed in the construction
of FMult.
3.7. A geometric interpretation of the squared lattices. In our construction of FMult, we re-
placed the lattices Mn := n
⊥ ∩M with their squares Mn⊕Mn, and we applied the squaring/diagonal
operation 2 defined in (11) to map simple elements of Λ∗Mn to simple elements of Λ∗(Mn⊕Mn). We
offer here a geometric interpretation for this setup, along with some speculation on potential broader
applications.
Let us take k = C. Recall that the tropical curve counts of (8) correspond to counts of log curves
in a toric variety with cocharacter lattice N , hence dense torus orbit N ⊗ C∗. We identify this with
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T ∗NR/N , where the quotient is via the identification of N with the lattice of integer cotangent vectors.
Alternatively, we may view this as
(NR ⊕NR)/(0, N).
We identify M ⊕M with the dual of N ⊕N in the natural way, so elements of M ⊕M cut out linear
subspaces of NR ⊕NR. Simple elements of C0 = Λ∗(M ⊕M) thus determine subspaces of N ⊗C∗. In
particular, for αA as in (10), the closure of the subspace cut out by α
2
A is indeed a representative of
the algebraic cycle associated to the rational-slope affine-linear space A ⊂ NR.
More generally, let Dn denote the dense torus orbit of the toric boundary stratum corresponding
to a ray through n, or for n = 0, let D0 be the dense torus orbit N ⊗ C∗ considered above. Then
elements of Λ∗(Mn ⊕Mn) as in (3.3) cut out subspaces of Dn. Again, α2Ai cuts out the algebraic
subspace of D∆(i) associated to Ai.
One could imagine imposing conditions on, say, the norms or phases of marked points of log curves,
and such conditions would correspond to elements of Λ∗(Mn ⊕Mn) that are not of the form α2 for
any α. It would be interesting to find tropical correspondence theorems allowing for such conditions
and using our TrQFT to compute multiplicities. Indeed, such conditions on phases appear in the
work on log symplectic cohomology of Ganatra-Pomerleano [GPa, GPb], which is still being further
investigated by Gross-Pomerleano-Siebert [GPS].
4. A splitting formula for genus 0
4.1. The Frobenius subalgebra of tropical classes. For each n ∈ N/ ± id, note that we have a
Frobenius subalgebra4
C2n ⊂ Cn
generated by elements of the form α2 for α a simple element of Λ∗Mn. We refer these generators as
the tropical classes since they are precisely the classes α2A for rational-slope affine linear subspaces
A ⊂ NR. Note that C2n is commutative, not just graded-commutative. The maps κn and κ∨n clearly
restrict to well-defined adjoint maps between C2n and C20 , and so by Proposition 3.6, we obtain a new
TrQFT
F2Mult : Trop2Cob→ ZMod,
with ZMod denoting the category of Z-modules (not super Z-modules).
Now suppose we have Γ and γ as in the setup of Theorem 3.8. The following says that the theorem
still holds with F2Mult in place of FMult so long as Γ is genus 0.
Theorem 4.1. Suppose Γ has genus 0. Then
(Mult(Γ))2 = (F2Mult(Γ))(γ).
Proof. Since Γ has genus 0, we can define a flow on Γ with any choice of vertex as the unique
sink. For such a flow, every vertex other than the sink has a unique edge flowing out of it. It
follows that FMult(Γ)(γ) and F
2
Mult(Γ)(γ) can be computed using only the products, the maps κn and
κ∨n , and a Frobenius trace at the sink (i.e., no coproducts are necessary). Since C2n is a Frobenius
subalgebra of Cn for each n, and since the maps κn and κ∨n all respect the restrictions, it follows that
FMult(Γ)(γ) = F
2
Mult(Γ)(γ), as desired. 
4We say A is a Frobenius subalgebra of B if A and B are Frobenius algebras, A is a subalgebra of B, and the
Frobenius trace on A is the restriction of the Frobenius trace on B.
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Note that the coproducts on C2n differ from the corresponding coproducts on Cn, and as a result,
this argument fails in higher genus. Indeed, we saw non-tropical classes with a non-trivial contribution
to the multiplicities in the example of §3.6. There is, however, an exception for point conditions:
Proposition 4.2. Let Γ be a rigid tropical curve in Tg,∆(A,Ψ). Suppose for some i ∈ I◦, the
incidence condition Ai is just a point in NR. Let Vi be the vertex in Ei, and let Ii := {E ∈ Γ[1] \{Ei} :
E 3 Vi}. Let Γi denote the tropical curve obtained from Γ by forgetting the edge Ei and vertex Vi,
compactifying each E ∈ Ii with a new vertex VE, extending each E ∈ Ii to infinity, and then attaching
a new contracted edge E◦ to VE for each E ∈ Ii. We impose only the trivial condition NR on the new
unbounded edges E for each E ∈ Ii, but on each of the new contracted edges E◦ we impose a point
condition. All other non-compact edges and vertices inherit conditions from the original A and Ψ in
the obvious way. With these conditions on Γi, we have Mult(Γ) = Mult(Γi).
Proof. We use FMult and Theorem 3.8. Choose a tropical flow on Γi for which Ei flows into Vi, but
all other edges of Ii flow out of Vi. Associated to the point condition on Ei we have the element Θ
2
0 .
The flow through Vi is then understood by repeatedly taking coproducts, and by (21), this results
in
⊗
E∈Ii Θ
2
0 . These factors indeed correspond to imposing new point conditions as described in the
statement of the proposition. The result follows. 
Remark 4.3. Note that Λ∗(N ⊕ N) can be identified with the cohomology of the torus T := (N ⊗
C)/(N ⊕ iN) which is naturally a Frobenius algebra. The tropical classes C2n then correspond to
algebraic classes in H∗(T ). The fact that there is no splitting formula in general then corresponds to
non-existence of an algebraic Ku¨nneth decomposition of diagonal classes for these Abelian varieties.
See also [Rau16, §4.3] for further discussion on issues with splitting the diagonal class, along with
another approach for circumventing this issue in genus 0.
4.2. Splitting formula for genus 0. We next give an explicit description for the coproduct ∨ on C2n .
Let {ej}j∈J be a basis for Mn, indexed by a set J . For I = {j1, . . . , jk} ⊂ J , let eI := ej1 ∧ · · · ∧ ejk ∈
Λ∗Mn (the sign will not matter). In particular, e∅ := 1. Then for e2I ∈ Cn, the reasoning used to
compute (22) yields
∨(e2I ) =
∑
I1unionsqI2=J\I
e2I1 ⊗ e2I2 ,(25)
where the sum is over all decompositions of J \ I into a disjoint pair of subsets I1 and I2.
Now, for an edge E ∈ Γ[1] with weighted direction uE , let u′E denote the primitive vector with
direction uE . Applying (25) to 1 ∈ C2uE yields the following splitting formula:
Theorem 4.4 (Genus 0 tropical splitting formula). Let Γ be a genus 0 tropical curve satisfying a
rigid collection of conditions A, Ψ, and let E be a compact edge of Γ. Let Γ1, Γ2 be the two genus 0
tropical curves obtained by splitting Γ at E and then extending the resulting half-edges to infinity. Let
Ψi denote the ψ-class conditions induced on Γi by Ψ for i = 1, 2, respectively.
Let {e1, . . . er−1, u′E} be a basis for N . Given I ⊂ {1, . . . , r−1}, let AI ⊂ NR denote the affine space
containing E and spanned by {ei}i∈I ∪ {u′E}. For i = 1, 2 let Ai,I denote the incidence conditions
induced on Γi by A, with AI being the condition on the new unbounded edge extending E. Then
MultA(Γ) = w(E)
∑
I1unionsqI2={1,...,r−1}
MultA1,I1 (Γ1) MultA2,I2 (Γ2),(26)
where the sum is over all decompositions of {1, . . . r − 1} into a disjoint pair of subsets I1 and I2.
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4.3. Vertex and edge multiplicities. Now consider one of the tropical curves Γi as in the above
theorem, together with the conditions Ai,Ψi induced by A and Ψ, but with the condition on the new
unbounded edge Ei being trivial (so Ai,I for I the full set {1, . . . , r − 1}). Then Γi is not necessarily
rigid. In particular, there may be small deformations of Γi which still satisfy Ai and Ψi but have Ei
being translated from its original location. These translations of Ei sweep out a patch of an affine
linear space, and we denote the corresponding linear space, intersected with N , by WEi . The main
feature of these is that, by rigidity,
WE1 ∩WE2 ⊆ ZuE .
Equivalently, if we treat Ei as the lone outgoing edge of Γi (with no other sinks), then for γi defined
as in Theorem 3.8 for the conditions Ai on Γi, we can consider ker(F
2
Mult) ⊂ N ⊕ N . Then for
p : N ⊕N → N the projection onto either factor, we have
WEi = p(ker(F
2
Mult(γi))) ⊂ N.
Now when choosing the basis e1, . . . , er−1, uE in Theorem 4.4, after taking a finite-index refinement
NE of the lattice N , this basis can be chosen so that
A1,I1 = WE2 and A2,I2 = WE1
for some choice of I1 unionsq I2 = {1, . . . , r − 1}. In this case, this will be the only choice of I1, I2 with a
nonzero contribution to (26). For the refinement NE here taken to be as small as possible, the index
of N in NE is
Mult(E) := index
(
N/ZuE → (N/WE1)⊕ (N/WE2)
)
,
called the edge-multiplicity of E. Similarly, for each vertex, we define a vertex-multiplicity
Mult(V ) := index
(
N →
∏
E3V
N/W∂V E,E
)
where W∂V E,E means WEi associated to the component of Γ \ {E} which does not contain V , and for
non-compact edges Ei, W∂V Ei,Ei := Ai ∩N .
Now, inductively applying Theorem 4.4 to every compact edge and choosing our bases {ei} as above
for each compact edge, we obtain the following:
Corollary 4.5.
DΓ =
∏
V ∈Γ[0] Mult(V )∏
E∈Γ[1]c Mult(E)
.
Remark 4.6. As mentioned in §3.6.3, one could state a modified version of the splitting formula (26) in
higher-genus by equipping the affine subspaces Ai with orientations and then using signed intersections
of the tropical classes. This version of the multiplicity calculation actually follows directly from the
definition of DΓ as the absolute value of determinant of a matrix as in (6). However, re-ordering these
oriented versions of tropical cycles (corresponding to reordering columns of the matrix) – e.g., when
trying to group together conditions associated to the same vertex – results in numerous sign changes,
and this prevents one from writing a nice analog of Corollary 4.5 using this approach.
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5. Multiplicities from brackets of polyvector fields
5.1. Flows with a single sink. In the proof of Theorem 3.8, we used a tropical flow in which the
midpoint of each compact edge of Γ was a source, and each vertex was a sink. However, the point
of introducing the TrQFT formalism is that any other choice of tropical flow will produce a different
method of computing the multiplicities.
In this section we consider the case of a rigid genus 0 tropical curve Γ equipped with a flow
consisting of a single sink at a vertex V∞. In this setting, we recursively associate elements αE ∈ Λ∗M
(determined up to sign) to each edge E ∈ Γ[1] as follows:
• For each non-compact edge Ei, i ∈ I, we take αEi := αAi as defined in (10).
• Suppose {Ej}j are the edges flowing into a vertex V 6= V∞ and Eout is the edge flowing out
of V . Assume by induction that each Ej has already been assigned some αEj ∈ Λ∗M . Let
nout be the weighted direction of Eout (pointing opposite the flow). Then
αEout := ιnout
∧
j
αEj
 .(27)
For α ∈ Λ∗M , α2 as in (11), n ∈ N , and κn and κ∨n as in §3.3, one checks that
κn ◦ κ∨n(α2) = (−1)deg(α)−1(ιn(α))2.
Thus, for ΓV consisting of V , the half-edges Ej flowing into V , and the half-edge Eout flowing out of
V (glued appropriately), we have
FMult(ΓV )(
⊗
j
α2Ej ) = ±α2Eout .
It now follows by induction and Theorem 3.8 that the multiplicity of Γ is given by
Mult(Γ) =
∣∣∣∣∣
〈
Ω,
∧
E3V∞
αE
〉∣∣∣∣∣ ,
where Ω is a primitive top-degree form in Λ∗N and 〈·, ·〉 denotes the dual pairing.
In the next subsection, we re-frame this construction in terms of mirror polyvector fields before
stating this multiplicity formula as a theorem.
5.2. Mirror polyvector fields and multiplicities. Consider the algebra
A := Z[N ]⊗ Λ∗M.(28)
This can be viewed as the algebra of integral polyvector fields on the algebraic torus Gm(M)
dual/mirror toGm(N) (significance to mirror symmetry will be discussed in §5.4). An element zn⊗m ∈
Z[N ]⊗M corresponds to the derivation
za 7→ 〈a,m〉za+n(29)
of Z[N ] = Γ(Gm(M),OGm(M)). We will often abbreviate the notation zn ⊗ α as simply znα, and
similarly, we will often write wedge-products α ∧ β as simply αβ.
We define a linear form `1 : A→ A by
`1(z
nα) := znιn(α),
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and furthermore, we define multilinear functions `k : A
⊗k → A by
`k(z
n1α1, . . . , z
nkαk) := `1
 k∏
j=1
znjαj
 = zn1+...+nk ιn1+...+nk(α1 ∧ · · · ∧ αk),(30)
We will study the structure of these brackets `k in §5.3. First, we restate the multiplicity computation
from above in terms of these brackets:
Theorem 5.1. Given a rigid genus 0 tropical curve Γ ∈ Tg,∆(A,Ψ) with a flow towards a specified
sink V∞, we inductively associate an element, well-defined up to sign,
ζE := z
nE ⊗ αE ∈ Z[N ]⊗ Λ∗M
as follows:
• For each i ∈ I, take ζEi := z∆(i) ⊗ αAi for αAi as defined in (10).
• Let E1, . . . , Ek be the edges flowing into a vertex V 6= V∞, and let Eout be the edge flowing
out of V . We take
ζEout := `k(ζE1 , . . . , ζEs).(31)
Let Ω be a primitive element of ΛrN . Then Mult(Γ) equals the absolute value of the dual pairing:
Mult(Γ) =
∣∣∣∣∣
〈
Ω,
∏
E3V∞
ζE
〉∣∣∣∣∣ .(32)
In the construction above, it follows from induction and the balancing condition that nE for each
edge E is the weighted direction of E in the direction opposite that of the flow towards V∞. Thus,∑
E3V nE = 0 by the balancing condition, and then rigidity implies that
∏
E3V∞ ζE is in Λ
rM . We
note that (32) can alternatively be computed as the index of
∏
E3V∞ ζE in Λ
topM , as we saw in the
statement of Theorem 1.2. We also note that this index is the same as the absolute value of the
integral from [BK98, §4].
5.3. L-infinity, Gerstenhaber, and BV structures. We next explore the structure of the algebra
A = Z[N ]⊗ Λ∗M from (28) and the k-brackets `k of (30) (with a sign-modification), as well as some
consequences of this structure. We denote
A0 := ker(`1) ⊂ A,
i.e., A0 is the submodule generated over Z by elements of the form znα with ιn(α) = 0. Note that
A0 is closed under the brackets `k for each k. This subspace A0 is especially important because it
contains the elements of A which can actually show up as some ζE in the multiplicity computations
of Theorem 5.1.
5.3.1. Grading. Consider the grading deg on A given by deg(zn⊗α) := d when α ∈ ΛdM . This makes
A into a graded commutative algebra under the product (zn1α1) · (zn2α2) = zn1+n2α1 ∧ α2. That is,
(zn1 ⊗ α1) · (zn2 ⊗ α2) = (−1)deg(α1) deg(α2)(zn2 ⊗ α2) · (zn1 ⊗ α1).(33)
We let | · | denote the grading associated to A[−1], i.e.,
|zn ⊗ α| := deg(zn ⊗ α)− 1.
TROPICAL QFT, MIRROR POLYVECTOR FIELDS, AND MULTIPLICITIES OF TROPICAL CURVES 25
Given homogeneous elements ζ1, . . . , ζk ∈ A, we denote
(ζ1, . . . , ζk) := (−1)
∑k
i=1(k−i)|ζi|.(34)
5.3.2. The sign-modified bracket lk. Recall that for the sake of computing multiplicities, the k-brackets
`k of (30) only matter up to sign. Thus, Theorem 5.1 remains unchanged if we replace the brackets
`k with the modified brackets lk : A
⊗k → A defined on homogeneous elements by
lk(ζ1, . . . , ζk) := (ζ1, . . . , ζk)`(ζ1, . . . , ζk).
Note that A0 = ker(l1), and that A0 is closed under lk for each k.
One easily sees that lk has degree −1 under deg and degree k − 2 under | · |, i.e.,
deg[lk(ζ1, . . . , ζk)] =
(
k∑
i=1
deg(ζk)
)
− 1,
|lk(ζ1, . . . , ζk)| =
(
k∑
i=1
|ζk|
)
+ (k − 2).(35)
5.3.3. Graded skew symmetry of lk. Now let σ ∈ Sk be a permutation of homogeneous elements
(ζ1, . . . , ζk), and let χ(σ, ζ1, . . . , ζk) ∈ {±1} denote the graded signature, meaning the product
of the ordinary signature of σ with a factor of (−1)|ζi||ζj | for each transposition of adjacent entries
ζi, ζj in a decomposition of the permutation as a product of such transpositions. Equivalently, since
|ζi||ζj | = deg(ζi) deg(ζj)− deg(ζi)− deg(ζj) + 1, we see using (33) that χ(σ, ζ1, . . . , ζk) is determined
by
(ζσ(1), . . . , ζσ(k))ζσ(1) · · · ζσ(k) = χ(σ, ζ1, . . . , ζk)(ζ1, . . . , ζk)ζ1 · · · ζk,
or equivalently, writing ζi = z
niαi for each i,
(ζσ(1), . . . , ζσ(k))ασ(1) ∧ · · · ∧ ασ(k) = χ(σ, ζ1, . . . , ζk)(ζ1, . . . , ζk)α1 ∧ · · · ∧ αk.(36)
Hence,
lk(ζσ(1), . . . , ζσ(k)) = χ(σ, ζ1, . . . , ζk)lk(ζ1, . . . , ζk).(37)
5.3.4. The bracket l2 as the Schouten-Nijenhuis bracket. We recall the standard Schouten-Nijenhuis
bracket [·, ·] on A, i.e., the unique extension of the Lie bracket/Lie derivative to a graded bracket
making A into a Gerstenhaber algebra. It can be defined as follows. For a0, . . . , ak, b0, . . . , b` ∈
Z[N ]⊗M , one defines
[a0 · · · ak, b0 · · · b`] =
∑
i,j
(−1)i+j [ai, bj ]a0 · · · âi · · · akb0 · · · b̂j · · · b`,(38)
where the hat indicates omission of the element, and where [ai, bj ] is the usual Lie bracket of the
corresponding vector fields. E.g., for n1, n2 ∈ N and m1,m2 ∈M ,
(39) [zn1m1, z
n2m2] := z
n1+n2(ιn2(m1)m2 − ιn1(m2)m1).
This is extended to include degree 0 elements by defining [zn1 , zn2 ] = 0, and for α ∈ Λ∗M ,
[zn1α, zn2 ] := zn1+n2ιn2(α).
For α, β ∈ Λ∗M , n1, n2 ∈ N one has by (38),
[zn1α, zn2β] = −(−1)|α||β|[zn2β, zn1α].
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For n ∈ N , α, β ∈ Λ∗M , we find the special cases
(40) [α, β] = 0, [znα, β] = −znαιn(β), [α, znβ] = (−1)|α|znιn(α)β.
Now, given n1, n2 ∈ N and α0, . . . , αk, β0, . . . , β` ∈M , we apply (38) to the case where a0 = zn1α0,
b0 = z
n2β0, ai = αi for i = 1, . . . , k, and bj = βj for j = 1, . . . , `. Denoting α = α0 · · ·αk and
β = β0 · · ·β`, we obtain using (38) and (39):
[zn1α, zn2β] =[(zn1α0)α1 · · ·αk, (zn2β0)β1 · · ·β`]
=zn1+n2
[(
k∑
i=0
(−1)i(ιn2(αi)β0)α0 · · · α̂i · · ·αkβ1 · · ·β`
)
−
∑`
j=0
(−1)j(ιn1(βj)α0)α1 · · ·αkβ0 · · · β̂j · · ·β`

=(−1)kzn1+n2 (ιn2(α)β + (−1)k+1αιn1(β)) .(41)
Here, we implicitly assumed that deg(α) > 0 and deg(β) > 0, but one easily checks that (41) extends
to the deg = 0 cases as well.
On the other hand, after computing (α, β) = (−1)k, we see that
l2((z
n1α0)α1 · · ·αk, (zn2β0)β1 · · ·β`) = (−1)kzn1+n2ιn1+n2(αβ)
= (−1)kzn1+n2 (ιn1+n2(α)β + (−1)k+1αιn1+n2(β))(42)
Note that (41) and (42) agree when zn1α and zn2β are both contained in A0. We have thus proven
the following:
Proposition 5.2. Then bracket l2 agrees with the Schouten-Nijenhuis bracket [·, ·] on A0.
5.3.5. l1 as a BV-operator. Recall that a BV-algebra (Batalin-Vilkovisky algebra) is the data of
an associative graded commutative algebra A together with a degree (−1) unary linear operator
δ : A → A such that δ ◦ δ = 0 and such that, for all homogeneous a, b, c ∈ A, one has
δ(abc) =δ(ab)c+ (−1)deg(a)aδ(bc) + (−1)deg(b)(deg(a)+1)bδ(ac)(43)
− δ(a)bc− (−1)deg(a)aδ(b)c− (−1)deg(a)+deg(b)abδ(c).
Consider our algebra A := Z[N ]⊗Λ∗M . This is of course an associative graded commutative algebra
with deg as the grading. Furthermore, the operator l1 is easily seen to have degree (−1) and satisfy
l1 ◦ l1 = 0, and a straightforward calculation reveals that it also satisfies (43). Thus, A together with
the operator l1 is a BV-algebra.
A standard property of BV-algebras is that they canonically admit a bracket [·, ·] making them into
Gerstenhaber algebras. This bracket is defined as the failure of δ to be a derivation, i.e.,
[a, b] = (−1)deg(a)δ(ab)− (−1)deg(a)δ(a)b− aδ(b).(44)
Furthermore, it follows that δ gives a derivation for the bracket, i.e.,
δ([a, b]) = [δ(a), b] + (−1)deg(a)−1[a, δ(b)].
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We now check that the bracket determined by (44) for A and δ is negative the Schouten-Nijenhuis
bracket. Let a = zn1α and b = zn2β with deg(α) = k + 1, deg(β) = `+ 1. Using (41), we compute
l1(ab) = l1((z
n1α)(zn2β)) = zn1+n2
(
ιn1+n2(α)β + (−1)k+1αιn1+n2β
)
= (−1)k[a, b] + l1(a)b+ (−1)k+1al1(b),
where the bracket [·, ·] is the Schouten-Nijenhuis bracket. The claim (44) now follows for negative this
bracket by rearranging the terms. We have thus proven:
Proposition 5.3. A is a BV-algebra with l1 as the BV-operator, and the associated bracket is negative
the Schouten-Nijenhuis bracket.
5.3.6. l1 as the pullback of the differential. We next offer another interpretation of l1, relating it to
the operator ∆ of [BK98, §2.1] (in which (44) is interpreted as the Tian-Todorov lemma). Choose a
primitive element Ω of ΛnN . This gives an isomorphism
Z[N ]⊗ Λ∗M ∼−→ Z[N ]⊗ Λ∗N, ω 7→ ιωΩ.
Let d denote the exterior differential on Z[N ] ⊗ Λ∗N = Ω∗(Gm(M)), the space of differential forms
on Gm(M). In other words,
d(zn ⊗ ξ) = zn ⊗ (n ∧ ξ).(45)
One defines ∆ by the formula
ι∆(znω)Ω = d(ιznωΩ).(46)
It is claimed in [BK98, §2.1] that ∆ is a BV-operator and satisfies (44) as δ when [, ] is taken to
be the Schouten-Nijenhuis bracket, however the signs are off by Proposition 5.3 combined with the
following result.
Proposition 5.4. For any homogeneous ζ ∈ A, ∆(ζ) = (−1)deg(ζ)+1l1(ζ).
We note that this sign is the difference between using left-contraction and right-contraction when
defining l1.
Proof. We can assume ζ has the form znω for ω ∈ Λ∗M homogeneous. From the definition of l1, the
claim is that
∆(znω) = (−1)deg(ω)+1znιn(ω).(47)
Substituting this into the left-hand side of (46) yields (−1)deg(ω)+1znιιnω(Ω), while (45) makes the
right-hand side of (46) into zn(n∧ ιωΩ). Dividing both sides by zn, the claim reduces to showing that
(−1)deg(ω)+1ιιnω(Ω) = n ∧ ιω(Ω).(48)
Since each side is contained in Λr−deg(ω)+1N , it suffices to check that they both give the same function
on the dual space Λr−deg(ω)+1M . Let
〈·, ·〉 : (Λr−deg(ω)+1M)⊗ (Λr−deg(ω)+1N)→ Z
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denote the dual pairing. Let α ∈ Λr−deg(ω)+1M . For any β ∈ Λr−deg(ω)+1N , γ ∈ Λ∗N , and δ ∈ Λ∗M ,
we have the following adjoint relationships between the wedge and interior products:
〈ιγα, β〉 = 〈α, γ ∧ β〉
〈α, ιδβ〉 = 〈δ ∧ α, β〉.
Now, the left-hand side of (48) paired with α can be written as
〈α, (−1)deg(ω)+1ιιnω(Ω)〉 = 〈(−1)deg(ω)+1ιn(ω) ∧ α,Ω〉,
while the right-hand side paired with α can be written as
〈α, n ∧ ιω(Ω)〉 = 〈ω ∧ ιn(α),Ω〉.
So now it suffices to check that (−1)deg(ω)+1ιn(ω)∧α = ω ∧ ιn(α). Since deg(α) + deg(ω) = r+ 1, we
have α ∧ ω = 0, hence
0 = ιn(ω ∧ α) = ιn(ω) ∧ α+ (−1)deg(ω)ω ∧ ιn(α).
The claim follows. 
5.3.7. L-infinity structure. We next show that the L-infinity Jacobi identities hold for the brackets
lk on A0. Given i, j ≥ 0, an i-j-unshuffle is a permutation of 1, . . . , (i + j) that preserves the order
of 1, . . . , i as well as of i + 1, . . . , i + j. Let UnShuff(i, j) denote the set of i-j-unshuffles. Recall the
notion of the graded signature χ from §5.3.3.
Fix i, j, k ∈ Z≥1 such that i+ j = k + 1. For ζ` = zn`α`, ` = 1, . . . , k, define
Dij :=
∑
σ∈UnShuff(i,j)
χ(σ, ζ1, . . . , ζk)(−1)i(k−i)lj(li(ζσ(1), . . . , ζσ(i)), ζσ(i+1), . . . , ζσ(k)).(49)
The level-k L-infinity Jacobi identity states that∑
i,j∈Z≥1
i+j=k+1
Dij = 0.(50)
For fixed σ ∈ UnShuff(i, j), the -factor that appears when applying li in (49) is
(ζσ(1), . . . , ζσ(i)) = (−1)
∑i
`=1(i−`)|ζσ(`)|,
and the -factor from when applying lj is
(li(ζσ(1), . . . , ζσ(i)), ζσ(i+1), . . . , ζσ(k)) = (−1)(j−1)[(
∑i
`=1 |ζσ(`)|)+(i−2)]+
∑j−1
`=1 (j−`−1)|ζσ(`+i)|.
It follows (keeping in mind that j − 1 = k − i) that
(ζσ(1), . . . , ζσ(i))(li(ζσ(1), . . . , ζσ(i)), ζσ(i+1), . . . , ζσ(k)) = (−1)i(k−i)(ζσ(1), . . . , ζσ(k)).
Hence,
Dij = l1
 ∑
σ∈UnShuff(i,j)
χ(σ, ζ1, . . . , ζk)(ζσ(1), . . . , ζσ(k))l1(ζσ(1) · · · ζσ(i))ζσ(i+1) · · · ζσ(k)
 .(51)
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Now let n :=
∑k
`=1 n`, and for σ ∈ UnShuff(i, j), let nσ :=
∑i
`=1 nσ(`). Then (51) can be written as
Dij = z
nιn
 ∑
σ∈UnShuff(i,j)
χ(σ, ζ1, . . . , ζk)(ζσ(1), . . . , ζσ(k))ιnσ (ασ(1) ∧ · · · ∧ ασ(i)) ∧ ασ(i+1) ∧ · · · ∧ ασ(k)
 .
(52)
Since contractions are anti-derivations, we have
(53)
ιnσ (ασ(1) ∧ · · · ∧ ασ(i))
=
∑i
`=1
(
(−1)
∑`−1
q=1 deg(ασ(q))
)
ασ(1) ∧ · · · ∧ ασ(`−1) ∧ ιnσ (ασ(`)) ∧ ασ(`+1) ∧ · · · ∧ ασ(i).
Combining this with (36), we find that
χ(σ, ζ1, . . . , ζk)(ζσ(1), . . . , ζσ(k))ιnσ (ασ(1) ∧ · · · ∧ ασ(i)) ∧ ασ(i+1) ∧ · · · ∧ ασ(k)
=(ζ1, . . . , ζk)
i∑
`=1
(
(−1)
∑σ(`)−1
q=1 deg(αq)
)
α1 ∧ · · · ∧ ιnσ (ασ(`)) ∧ · · · ∧ αk.(54)
Here, for S` := {1, 2, . . . , σ(`) − 1} \ {σ(1), σ(2), . . . , σ(` − 1)}, the contribution of
∑
q∈S` deg(αq) to
the exponent of (−1) is the result of the difference between moving ιnσασ(`) past αq for each q ∈ S`
versus moving ασ(`) past αq for each q ∈ S`. Combining (54) with (52), we now have
Dij = z
n(ζ1, . . . , ζk)ιn
 ∑
σ∈UnShuff(i,j)
i∑
`=1
(−1)
∑σ(`)−1
q=1 deg(αq)α1 ∧ · · · ∧ ιnσ (ασ(`)) ∧ · · · ∧ αk
(55)
Note that the data an unshuffle σ ∈ UnShuff(i, j) is equivalent to the data of an i-element subset
of {1, . . . , k}, where this choice of subset is identified with {σ(1), . . . , σ(i)}. So given distinct s, t ∈
{1, . . . , k}, there are exactly (k−1i−1) unshuffles σ ∈ UnShuff(i, j) for which s ∈ {σ(1), . . . , σ(i)}, and
exactly
(
k−2
i−2
)
unshuffles σ ∈ UnShuff(i, j) for which s and t are both in {σ(1), . . . , σ(i)}. Thus, for
each t ∈ {1, . . . , k}, the expression
∑
σ∈UnShuff(i,j)
i∑
`=1
(−1)
∑σ(`)−1
q=1 deg(αq)α1 ∧ · · · ∧ ιnσ (ασ(`)) ∧ · · · ∧ αk(56)
from the large parentheses of (55) includes precisely
(
k−1
i−1
)
terms of the form
(−1)
∑s−1
q=1 deg(αq)α1 ∧ · · · ∧ ιnσ (αs) ∧ · · · ∧ αk
for various nσ. Furthermore, ns is a term in nσ for all
(
k−1
i−1
)
of these terms, while nt for t 6= s is a
term in nσ for
(
k−2
i−2
)
of these terms. Thus, the expression from (56) is equivalent to(
k − 2
i− 2
)
ιn(α1 ∧ · · · ∧ αk) +
((
k − 1
i− 1
)
−
(
k − 2
i− 2
)) k∑
`=1
(−1)
∑`−1
q=1 deg(αq)α1 ∧ · · · ∧ ιn`α` ∧ · · · ∧ αk.
Substituting into the large parentheses from (55), and then using the fact that ιn ◦ ιn = 0 along with
the Pascal’s triangle identity
(
k−2
i−2
)
+
(
k−2
i−1
)
=
(
k−1
i−1
)
, we obtain
Dij = z
n(ζ1, . . . , ζk)
(
k − 2
i− 1
)
ιn
(
k∑
`=1
(−1)
∑`−1
q=1 deg(αq)α1 ∧ · · · ∧ ιn`α` ∧ · · · ∧ αk
)
.
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Hence, ∑
i+j=k+1
Dij = 2
k−2zn(ζ1, . . . , ζk)ιn
(
k∑
`=1
(−1)
∑`−1
q=1 deg(αq)α1 ∧ · · · ∧ ιn`α` ∧ · · · ∧ αk
)
This shows that the Jacobi identities in general fail on A (except for the k = 1 case, which just
says l1 ◦ l1 = 0). However, if ιn`α` = 0 for each `, then we in fact get that each Dij = 0. Combining
this with (35) and (37), we have shown that A0 is an L-infinity algebra:
Theorem 5.5. The brackets lk make A0 into an L-infinity algebra. Furthermore, each Dij as in (49)
equals 0 on A0.
Remark 5.6. We have that l21 = 0 on all of A, and we have seen that l2|A0 extends to a Lie bracket (the
Schouten-Nijenhuis bracket) on all of A. We therefore wonder whether the other brackets lk|A0 admit
extensions which make A into an L-infinity algebra. One exotic L-infinity structure on polyvector
fields was constructed in [Sho18], but this evidently does not restrict to our L-infinity structure since
the bracket of loc. cit. is trivial in odd degree, whereas our lk is non-trivial on A0 for all k ≥ 2. We
also wonder whether the closed elements of a BV-algebra might more generally admit an L-infinity
structure via a construction analogous to ours, i.e., with the k-bracket being given up to sign by taking
the associative product and then applying the BV-operator.
5.4. Wall-crossing acts on polyvector fields via the Schouten-Nijenhuis bracket. In the
Gross-Siebert program, the construction of a “mirror” space proceeds by formally gluing together a
collection of algebraic tori via certain wall-crossing automorphisms. These automorphisms can be
viewed as follows.
Fix a commutative ring R, and let P ⊂ N denote the set of integral points of a strictly convex
cone in NR. Consider the following ring of Laurent series of polyvector fields on the algebraic torus
SpecR[N ]:
Â :=
⋃
n∈N
znRJP K⊗ Λ∗M
where RJP K is the power series ring obtained by completing R[P ] with respect to its unique monomial
maximal ideal. Let Âd denote the d-graded part of Â under our grading | · |. In particular, Â−1 is the
Laurent series ring R((P )) :=
⋃
n∈N z
nRJP K. Note that our brackets lk extend to lk : Â⊗k → Â. In
particular, we can define Â0 := ker(l1) ⊂ Â and Âd0 = Â0 ∩ Âd.
The algebra Â0 is a Lie algebra, what [GPS10] calls the module of log derivations, with the bracket
being the usual bracket of vector fields. Let g := Â00. This forms a Lie subalgebra of Â
0, and since
the usual Lie bracket of vector fields agrees with the restriction of the Schouten-Nijenhuis bracket,
Proposition 5.2 implies that we can view Â00 as a Lie algebra under our bracket l2. The corresponding
Lie group G := exp(g) is what [GPS10] calls the tropical vertex group.
We next describe the transformations that generate this group, cf. (2.19) in [GHS]. We note that
for α ∈ Â and f ∈ R((P )) = Â−10 = Â−1, we have the action
(57) α(f) := ιdfα = [α, f ] = adα(f).
Given n ∈ P , let g‖n ⊂ g denote the Lie subalgebra spanned (topologically) by elements of the form
zkn ⊗m, k ∈ Z≥1 and m ∈ M . Recall as in [GHS, Def. 2.11] that a “wall d with direction −n” is a
polyhedral subset of NR and has attached to it an element of gd ∈ g‖n. The associated wall-crossing
automorphism of R((P )) is given by exp gd (viewing gd as a derivation acting on Â
−1). Equivalently,
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we may view exp gd as exp adgd , the restriction of the adjoint action of Â. For example, for p ∈ P and
f of the form 1 +
∑∞
k=1 akz
kp with ak ∈ R and m ∈ p⊥ ⊂ M , we have the `’th iterated application
(adlog(f)⊗m)`zn = (log(f 〈n,m〉))`zn via (57) and then one finds
(exp adlog(f)⊗m)zn = znf 〈n,m〉.
In the Gross-Siebert construction, one has a scattering structure consisting of walls (d, gd). Each
chamber corresponds to a copy of SpecRJP K, and gluing all these schemes together via wall-crossing
automorphisms exp adgd yields (a dense open subset of) the mirror space X .
Of course, rather than restricting each exp adgd to just Â
0
0, we can consider the action on all of
Â0, which we note can be viewed as the space of polyvector fields on Â
0
0 which are closed under
the operator ∆ of §5.3.6. Even better, we can extend the action to the space Â of all polyvector
fields using the Schouten-Nijenhuis bracket [·, ·] as in Proposition 5.2. We refer to these as extended
wall-crossing automorphisms.
On the other hand, if we are interested in gluing polyvector fields from different copies of SpecRJP K,
then we must understand how the automorphism exp adgd of Â
0
0 acts on these polyvector fields via
pushforward, i.e., the multivector derivative (exp adgd)∗ of exp adgd . The following proposition says
that these two actions are the same.
Proposition 5.7. For any α ∈ Â,
(exp adgd)∗(α) = (exp adgd)(α).
Hence, gluing elements of Â via our extended wall-crossing automorphisms produces meromorphic
sections of the sheaf of polyvector fields on X .
Proof. We can assume α is homogeneous with deg(α) = d. We proceed by induction on d, noting that
the d = 0 case is trivial.
A homogeneous multivector field α ∈ Â of positive degree is characterized by its action on functions
f ∈ RJP K via α(f) = ιdf (α) = adα(f). The pushforward action [(exp adgd)∗(α)](f) is then given by
using (exp adgd)
−1 to pull back f , acting on f by α, and then pushing the resulting degree-(d − 1)
polyvector field forward using (exp adgd)∗, which by the inductive assumption is the same as applying
exp adgd . I.e.,
(exp adgd)∗(α) = exp(adgd)α exp(− adgd)
= Adexp(adgd )(α)
= [exp adadgd ](α).
Since α acts on f ∈ RJP K as adα, the above expression acts on f as [exp adadgd ](adα). Since
adada(adb) = [ada, adb] = ad[a,b], it follows by induction that ad
k
ada(adb) = adadka(b), and so
exp adada(adb) = adexp ada(b) .
We thus see that the action of [exp adadgd ](α) on f is via adexp adgd (α), meaning that [exp adadgd ](α) =
(exp adgd)(α), as desired. 
One can construct canonical bases of “theta functions” on these Gross-Siebert mirror spaces, cf.
[GHK15, GHKK14, GHS]. These theta functions can be expressed in terms of certain counts of tropical
disks and tropical curves, cf. [CPS, Mana]. The original motivation for this article was a desire to
show that the tropical multiplicities used for the counts in [Mana] agree with the multiplicities of [MR]
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and thus give log Gromov-Witten invariants. Indeed, this follows from Theorem 5.1, cf. Example 1.5.
An upcoming paper of the first author will use this and some degeneration techniques to prove that
the Frobenius structure conjecture of [GHK15, §0.4, arXiv v1] holds for cluster varieties. Roughly,
this conjecture claims that the theta functions can be described in terms of certain descendant log
Gromov-Witten invariants.
Proposition 5.7 suggests to us that similar methods can be used to show much more. According
to closed string mirror symmetry, the symplectic cohomology of a log Calabi-Yau variety with affine
mirror should be isomorphic to the ring of polyvector fields on the mirror (cf. [Pas, §1]). In particular,
SH0log(Y,D) is expected to be the coordinate ring of the mirror, i.e., it should be spanned by the theta
functions. As noted in §3.7, a construction of the log symplectic cohomology ring from punctured
GW invariants is being investigated by Gross-Pomerleano-Siebert [GPS], building off the ideas of
Ganatra-Pomerleano [GPa, GPb].
A construction of “theta polyvector fields,” analogous to the construction of theta functions, is not
currently known, but we suggest based on Proposition 5.7 that such a construction might be possible
using the Schouten-Nijenhuis bracket and higher-codimension tropical incidence conditions.
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